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Tempering in MCMC
I For amultimodal target π, standardMCMC algorithmswith localized
proposals typically fail to move between modes.

I One solution is tempering: raise π to a power β ∈ (0, 1] to flatten
the target and enable global exploration.

Figure 1. Bimodal mixture at decreasing inverse temperature β.

Simulated Tempering (ST)
Given a temperature schedule 1 = β0 > . . . > βN > 0, Simulated Tem-
pering [1] augments the targetwith a temperature index j ∈ {0, . . . , N},

π(x, j) ∝ π(x)βj. (1)

The ST procedure then alternates between two types of moves,

I Within-temperature exploration
State-space exploration through a conventional transition kernel
(RWM, HMC, etc.).

I Temperature Swap moves
Temperature-space update to a neighbouring level; accepted ac-
cording to a Metropolis ratio.

Standard Swap Proposal Schemes
I Random-walk temperature moves [2]
The chain proposes to move to a neighbouring temperature chosen
uniformly at random, creating a random walk over temperature lev-
els.

I Momentum-based temperature moves [3]
A momentum variable determines the direction of travel along the
temperature schedule; moves continue in that direction until a re-
jection flips the momentum, producing a guided walk [4].

Towards efficient state-informed swap proposals?
Both randomwalk and guided walk temperature proposals are blind to
the chain’s position in the state space. However, the Metropolis ratio,

α(i → j) = min

{
1,

π(x)βj

π(x)βi

}
, (2)

clearly depends on the current state x.

Figure 2. Locations where hotter or colder temperature moves have higher acceptance.

Locally Balanced Proposals
I To swap βi and βj, we use locally balanced (LB) proposals [5],

Q(i→j) ∝ g

(
π(x)βj

π(x)βi

)
, (3)

where g is a balancing function, i.e. satisfies g(t) = t g(1/t).
Typical choices: g√ (t) =

√
t, gBarker(t) = t

1+t.

I The asymptotic acceptance probability of a locally balanced square–
root proposal with temperature scaling ` > 0 is

ACCLB-√(`) = 2 Φ
(

− `
2

√
I
)

+ 2
∫ ∞

`2I
2

tanh
(

w
2
)

N (w; 0, `2I) dw, (4)

where I is problem–specific. We recognize the Random Walk
Metropolis acceptance [6], which gives

ACCLB-√(`) = ACCRW (`) + 2
∫ ∞

`2I
2

tanh
(

w
2
)

N (w; 0, `2I) dw. (5)
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Figure 3. Acceptance versus scaling `.

I Theory (5) and the plot show that the

Square–root Balancing yields higher accep-

tance rates than RandomWalk.

I Barker Balancing provides the best perfor-

mance we observed, and will be used in the

subsequent experiments and plots.

Efficiency Guarantees
I We quantify mixing by the volatility of the scaled diffusion limit, a
measure of how fast the chain moves across temperatures [6, 7].

Figure 4. Efficiency curves, rescaled to the maximum efficiency of the random walk scheme.

Empirical Validation
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Figure 5. Round trips plotted against acceptance

rate when targeting an isotropic Gaussian (d = 50).
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Figure 6. Squared jumping distance, simulating

swaps for an anisotropic Gaussian (d = 300).
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